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Abstract
The present work has two objectives. First, we prove that a weight-
ed superlinear elliptic problem has infinitely many nonradial solutions
in the unit ball. Second, we obtain the same conclusion in annuli for a
more general nonlinearity which also involves a weight. We use a lower
estimate of the energy level of radial solutions with k − 1 zeros in the
interior of the domain and a simple counting. Uniqueness results due
to Tanaka [13, 2008] and [14, 2007] are very useful in our approach.
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1 Introduction and statement of results
We consider {
∆u+K(‖x‖)|u|p−1u = 0, for x ∈ Ω,
u = 0, for x ∈ ∂Ω,
(1.1)
and {
∆u+K(‖x‖)g(u) = 0, for x ∈ Ω,
u = 0, for x ∈ ∂Ω,
(1.2)
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We are interested in nonradial solutions assumingK ∈ C2(Ω) and positive, Ω
is the unit ball for the case (1.1) and an annulus Ω = {x ∈ RN : a ≤ ‖x‖ ≤ b}
for the case (1.2) and p is subcritical, namely 1 < p < (N +2)/(N − 2) with
N ≥ 3.
It is well known that some solutions of problems (1.1) and (1.2) can be
obtained as critical points of the functional J : H10 → R defined by
J(u) =
∫
Ω
(
1
2
‖∇u‖2 −
1
p+ 1
K(‖x‖)|u|p+1
)
dx, (1.3)
and
J(u) =
∫
Ω
(
1
2
‖∇u‖2 −K(‖x‖)G(u)
)
dx, (1.4)
respectively, where G(s) =
∫ s
0 g(t) dt. For simplicity, we are using the same
letter J in both cases. When we are looking for radial solutions to (1.1) and
(1.2), the corresponding problem to be considered takes the form{
u′′(r) + N−1r u
′(r) +K(r)|u(r)|p−1u(r) = 0, for r ∈ (0, 1)
u′(0) = u(1) = 0,
(1.5)
and {
u′′(r) + N−1r u
′(r) +K(r)g(u(r)) = 0, for r ∈ (a, b)
u(a) = u(b) = 0,
(1.6)
respectively. From (1.3), a radial solution u for (1.1) satisfies
J(u) =
(
1
2
−
1
p+ 1
)
ωN
∫ 1
0
rN−1K(r)|v(r)|p+1 dr, (1.7)
where ωN is the measure of the unit sphere in R
N and v(r) = u(x) with
‖x‖ = r. In a similar fashion, if u is a radial solution for (1.2) in the annulus
Ω = {x ∈ RN : a ≤ ‖x‖ ≤ b} then,
J(u) = ωN
∫ b
a
rN−1K(r)
(
g(v)v(r)
2
−G(v)
)
dr. (1.8)
From now on, all throughout the paper, c, c1, C,C0, C1, C2, C, . . . will de-
note generic positive constants, independent from u, which may change from
line to line.
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In this work we prove that problems (1.1) and (1.2) have infinitely many
nonradial solutions in the unit ball of RN and the annuli, respectively. For
problems (1.1) and (1.2), Ramos et al [10] proved the existence of a sequence
uk of sign-changing solutions whose energy levels are of order k
σ, where
σ = 2(p + 1)/(N(p − 1)), namely J(uk) ∼ k
σ. By using radial techniques,
we are able to prove a lower estimate for critical levels of radial solutions uk,
with k − 1 zeros and we establish that J(uk) ≥ C(k − 1)
Nσ . Then, taking
into account the uniqueness results due to S. Tanaka ([13, 14]) and that
the critical levels of radial solutions are more spaced, we get, by a counting
argument, that most of the sign-changing solutions obtained by Ramos et
al are nonradial.
Very little about infinitely many nonradial solutions using radial tehcniques
is known and, we emphasize that an upper estimate of the critical levels
is not necessary. We take advantage of one result in [10, theorem 1] and
we complement a couple of Tanaka’s theorem by proving that (1.1) and
(1.2) have infinitely many nonradial solutions. Additionally, we prove that
there is an infinite number of nonradial solutions considering nonlinearities
g(x, s) = K(‖x‖)|s|p−1s and g(x, s) = K(‖x‖)g(s), from the list of sign-
changing solutions obtained by Ramos et al in [10, theorem 1].
In [2], an important ingredient for getting nonradial solutions was a unique-
ness result in a superlinear context. Papers where uniqueness results have
been obtained for other kinds of problem are, for example, [15, 3]. For these,
our approach does not apply. To the best of our knowledge, an estimate of
critical levels as in [10] for sublinear problems, is not known. That is why
we will use the results of uniqueness due to S. Tanaka [13, 14]. Precisely, he
obtained for the problem

u′′(r) +
N − 1
r
u′(r) +K(r)|u(r)|p−1u(r) = 0, 0 < r < 1,
u′(0) = u(1) = 0, u(0) > 0,
u has exactly k − 1 zeros in (0, 1),
(1.9)
the following result.
Theorem 1.1 Under the conditions K ∈ C2[0, 1],K > 0 and
[V (r)− p(N − 2)−N + 4][V (r)− p(N − 2) +N ]− 2rV ′(r) < 0, (1.10)
where V (r) = rK ′(r)/K(r), the solution of problem (1.9) exists and it is
unique.
3
In [14, Corollary 2.2], S. Tanaka proved the following consequence.
Theorem 1.2 Suppose K ∈ C2[a, b] and K > 0. Assuming that:
(H1) −2(N − 1) ≤ V (r) ≤ −2 and V ′(r) ≥ 0.
(H2) The function g is odd, g ∈ C1(R) and g(s) > 0 for s > 0.
(H3) (g(s)/s)′ > 0 for s > 0.
Then, Problem (1.2) has at most one radial solution u with exactly k − 1
zeros in (a, b) and u′(a) > 0.
We complement these results by proving the existence of infinitely many
nonradial solutions. Our main theorems read as follows.
Theorem 1.3 Assuming that K ∈ C2[0, 1], K > 0 and (1.10), the problem
(1.1) has infinitely many nonradial solutions.
Theorem 1.4 If 1 < p < (N +2)/(N −2), K ∈ C2[a, b],K > 0, (H1)-(H3)
hold and,
(H4) There exists C > 0 such that, for every s > 0, g(s) ≤ C sp.
(H5) 1There exists θ > 2 such that, for every s > 0, sg(s) ≥ θ G(s).
Then, the problem (1.2) has infinitely many nonradial solutions.
Remark 1.1 As an example, the function g(s) = |s|p−1s verifies (H4) and
(H5).
In section 2 we present some preliminaries and in section 3 we prove lower
estimates of critical levels of radial solutions, which will be very important
in order to prove our theorems in section 4.
2 Some preliminaries
From (1.8) and (H5), we observe that
J(u) ≥ C
∫ b
a
rN−1K(r)g(v)v(r) dr, (2.1)
for every radial solution u for (1.2).
1This is the well known Ambrosetti - Rabinowitz superlinear condition.
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Remark 2.1 Conditions (H2)-(H5) imply:
(a) Due to (H2), the function g holds sg(s) > 0 for s 6= 0. In addition, by
using (H4) it follows that g(s)/s ≤ C (sg(s))(p−1)/(p+1) for some positive
constant C: let us denote δ = (p− 1)/(p+1). Assumption (H4) implies
(
g(s)
sp
)1−δ
=
(
g(s)
sp
)2/(p+1)
≤ C,
and thus, multiplying by
(
g(s)
sp
)δ
, we get
g(s)
sp
≤ C
(
g(s)
sp
)δ
,
from which the assertion follows.
(b) From (H3) and (H2) it follows that g′(s) > g(s)/s > 0 for s 6= 0.
(c) If g(x, s) := K(‖x‖)g(s), assumption (H4) implies g(x, s)/s → 0 as
s→ 0, uniformly in x.
(d) Again, (H4) implies
0 ≤ g(x, s)s = K(‖x‖)g(s)s ≤ C‖K‖|s|p+1 ≤ C1(|s|
p+1 + 1).
(e) Because of (H5),
g(x, s)s ≥ θ G(x, s) ≥ θ G(x, s) −C,
where G(x, s) = K(‖x‖)G(s) and C > 0 is a constant.
(f) Hypothesis (H5) implies that g is superlinear. More exactly we have(
s−θG(s)
)′
≥ 0 for s > 0 and thus, for s > 1 we obtain G(s) ≥ G(1)sθ =
G(1)|s|θ. From this, (H2) and (H5) we get
lim
|s|→∞
g(s)
s
= +∞.
In order to prove theorems 1.3 and 1.4, we shall apply theorem 1 due
to Ramos et al in [10] considering special cases. In such a theorem, for
problems (1.1) and (1.2), authors proved the existence of a sequence uk
of sign-changing solutions whose energy levels are of order kσ, where σ =
5
2(p + 1)/(N(p − 1)). To prove our first theorem, Ω will be the unit ball,
g(x, s) = K(‖x‖) |s|p−1s, f(x, s) ≡ 0, µ = p+ 1 and we choose any number
ν ∈
(
0,
N + 2− p(N − 2)
2
)
,
in order to obtain condition (1.4) in [10]. In this context, such a theorem is
established as follows.
Theorem 2.1 Assuming that N ≥ 3, 1 < p < (N + 2)/(N − 2),
the problem
∆u+K(‖x‖)|u|p−1u = 0; u ∈ H10 (Ω),
admits a sequence of sign-changing solutions (uk)k∈N whose energy levels
J(uk) satisfy
c1k
σ ≤ J(uk) ≤ c2k
σ, (2.2)
for some c1, c2 > 0 with σ =
2(p+1)
N(p−1) .
To prove our second theorem, we will take Ω as an annulus, g(x, s) =
K(‖x‖) g(s), f(x, s) ≡ 0, µ = θ and we choose
ν ∈
(
0,
θ(N + 2− p(N − 2))
2(p + 1)
)
,
with the aim that condition (1.4) in [10] holds; further, the above remarks
imply all conditions in [10, Theorem 1] are satisfied and hence, its conclusion
give us a sequence of sign-changing solutions (uk)k∈N whose energy levels
J(uk) satisfy (2.2).
3 Lower estimates of critical leves
In this section we obtain estimates of the critical levels corresponding to a
radial solution uk with k − 1 zeros for the problems (1.1) and (1.2). More
exactly, in order to prove our first main result we establish an estimate from
below of J(uk) where uk is a radial solution of (1.9) with k − 1 zeros in
(0, 1). Then, the same estimate will be gotten for a radial solution uk with
k − 1 zeros for the problem (1.2).
Theorem 3.1 Let δ : = (p − 1)/(p + 1). There exists a constant C > 0
such that for all solution uk ≡ u of (1.9), we have
J(u) ≥ C(k − 1)Nσ . (3.1)
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Theorem 3.2 There exists a constant C > 0 such that for all solution
uk ≡ u with k − 1 zeros of (1.6), we have
J(u) ≥ C(k − 1)Nσ . (3.2)
4 Proof of theorems 1.3 and 1.4
By using theorems of section 3 and a counting argument, we can show our
main results.
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